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I (wi) = S Udig — S P‘iwido' _ S Fiw"dto -+ S Qde
v, 85 V. 2

where U is the elastic energy density of the massive body, dr, 1is the volume element of the
domain V, and dg, do are the area elements of the surfaces S, and Q, respectively. This
enables us to use the well-developed variational-difference method for a numerical investi~
gation of a broad class of problems.
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ON A METHOD OF INVESTIGATING FIBRE STABILITY IN AN ELASTIC SEMI-INFINITE
MATRIX NEAR A FREE SURFACE*

A.N. GUZ and YU.N. LAPUSTA

The properties of an infinite characteristic determinant in the
three-dimensional linearized problem /1/ of fibre stability in an
elastic semi-infinite matrix near a free surface are investigated. As
in the case of two and a number of doubly-periodic systems of fibres in
an infinite matrix /2-4/ it is proved that the mentioned determinant is
a determinant of normal type. Non-linearly elastic transversely
isotropic compressible materials are examined within the framework of
the theory of finite subcritical deformations without taking account of
the specific form of the elastic potential. The results elucidated hold
even for different modifications of the theory of small subcritical
deformations. Results of an analysis of kindred questions of the theory
of elastic wave diffraction are used /5/.

1. Formulation of the problem. The characteristic equation. We consider the stability

#ppikl.Matem. Mekhan. ,53,4,693-697,1989
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of a fibre in a semi-infinite matrix near a free surface, We introduce.the following funda-
mental assumptions: 1) there are no body forces and the semi-infinite body under consideration
is loaded by "dead" compre551ve forces along the fibre axis in such a manner that the shortened
fibre and matrix are equal in this direction; 2) rigid contact is made between the fibre and
the matrix; 3) the plane matrix surface is force-free; 4) the subcritical state is homogeneous
{thig assumption is given a foundation by the results in /6/).

Because of assumption 1) the sufficient conditions for the static method (Euler's method)
to be applicable for investigating the stability problem under consideration are satisfied,
Consequently, we will solve this problem by Euler's method.

We refer the fibre and matrix to Lagrange coordinates that coincide with the deformation
with rectangular (z,y, 1 and cylindrical (-, 8, z) coordinate systems. The connection between
these coordinate systems is described by the relationships

z== —rsin®, y=h —rcos B, 2=z t.1)

Let the fibre and matrix occupy the respective domains

DU = {(r, 8, 1) = R¥ X IIXR: r < RY, D ={(r, 0, ) &
REXIXR:r > R, rcos® k) R¥ =[0, 00), =10, 2n), R == (— o0, )

We consider the fibre to be strictly within a semi-infinite matrix, in which connection
we require satisfaction of the condition

Rlb <1 1.2

Using the notation and following the procedure in /1/, we obtain an infinite homogeneous
system of algebraic eguations

o
AgmX 4 B XD 3 M X =0 (a=1,2m=0,4,2...) (1.3)
n=

The elements of the matrix 4., B,.. M,,, are determined from the formulas

Agenis = Tyeas (M) Boppyy (G¥R) Kot (§9R) + Togs (m)

By = T§5 () Ly g COVR) 11 APYR) — T (m)

M ni; = }_‘, [ Tygar (M) g (L ¥R) - Ty () I (¥R P KGHE9R) (1.4)

Pppi; =ty § Bij(t)expl— vk (Bj;+ B, )lexp (—n) Oy dt

Qﬁij = [(R; s+ aj)_m:F(Rij - a,‘)_m] ™ ye=nlt

Here 1 is the buckling half-wavelength; the minus superscript corresponds to i=1
and the plus subscript to = 23; gy, =1, for m=0 and egn=1 for m>0. The functions
By (0 are determined from the system of equations
1 1 . 1
(“:" +-7 W)(ij +7 %) —e; Z, R (st —-7 ‘555) =0 (1.5)
8=2

1
“z'(‘glj ) ZXIS 33( siT 2 asi)xo

=2
3
R (B ——8 ) K, +ap !
R\ By 7 b)) — L Kt e Bsr‘"z’ésj)""o
5=2

Here

a=tybt Ry=YTIFar @j=123)
= (a2 + 213 — 03A) (313 + Gra)?
Ky, =Yg (euGub ! + 015613 + 003335 Gpl (a1g -+ Gua)™?

?hg quantities ay, G which characterize the model of a deformable body, and the
quantities {; which depend on the loading conditions and the form of the elastic potential

can be determined from formulas in /3, 7/, A  denotes the elongation and L is the
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generalized stress tensor component. Appropriate quantities for the fibre are marked with
the superscript (1).

For m>0 the quantities Tpqi; ()  are determined from the formulas

Ty = Toigs = Tyam = Tuss ™ Toasr = Tizgs = 0 (1.6}
Typs = L%, Tpypp = — 8
Tor = —Tanpg = Tom = Toras = m, Typgs = Ay (Kyy — 1)
by gy = §7Mm Ty = — G Ty = G s = % (0 — 1) gy =

=% {m — 4y Tppps == 203Gy Im
—~ LB Fypgs == Kyt P agg == m ™ Tygps = MGy Kyoi?
Togys == 202G (Ko - w73 (m — 1)]
Tagoy = —h %61, 142+ 2%72m (e — 1)}, % = yR

The values of Tﬁmk (0) are obtained from T oy () for u=00p=~k+1;a Bv, k== 1,2;s r=
2, 3). In order to obtain expressions for Zégﬁ(m% it is necessary to mark quantities which
depend on the subcritical state and the model of the deformable body in the appropriate
formulas for Tp,;(m) by the superscript (1) and to multiply the expressions obtained by ( -1)f

Let us note that satisfaction of the conditions

det B, +0, detH, 0 (1.7)

(o 4 B BlA

m 7 e — BrpBan) 3m))

can be required in the problem under consideration without loss of generality.

Indeed, the fact that the first determinant in (1.7) equals zero corresponds to  one of
the instability modes of an infinite cylinder with a free side surface subjected to a  com-
pressive load, while the fact that the second equals zero is one of the fibre buckling modes
in an infinite matrix.

We reduce system {1.3) to canonical form

Xm - E! Smn‘ n o 0 (1.8)
n=g
9 -1 -1
Sen = HL (M, — Blm‘gzmMzmn) 1.9

We derive the characteristic equation
Los, YRy =0 (1.10)
from the conditions for non-trivial solutions to exist, where Af{e,yR) is the determinant of

the infinite homogeneous system of algebraic Egs.{1.8), and & is the shortening of the fibre
and the matrix.

2. Certain properties of the system of Eqs.(1.5) and their solution. We use the following
notation: §;(t) 1is the determinant of the j-th system of Egs.(1.5) while Aij (1 1is  the
determinant obtained from §;(#) by replacing the 7i-th column by a column of free terms.
Plane and spatial instability problems for a free plane boundary of a semi-infinite body under
compression in directions parallel to the free surface are examined in /3, 4/. The character-
istic determinants obtained for spatial problems have a structure analogous to 8; (1) This
enables us to establish the physical meaning of the values ¢ for which §;(s)= 0: they govern
the buckling mode of the plane boundary of the semi-infinite matrix compression along the z
axis with half-wavelengths [, and I, whose ratio equals |a;(&)|.

It follows from the results in /3, 4/ and reasoning of a physical nature that the
bonding element {(more rigid than the binder) is unstable in the matrix for smaller values of
the shortening than the free plane surface is. Consequently, without loss of generality it
can later be required that the conditions

Ve (— 20,000, 8;()+=0(=1,2,3) 2.1
be satisfied.
These relationships afford the possibility of determining the unknown functions ;)
from the formulas
Bii () = Aij [43] 5}'_1 6 (¢, j=1, 2,3 2.2)

We introduce 1 >0 into the consideration such that

ocjz (h)> max 2 (j=1,2,3) 2.3
i=1,2,3
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Because of the continuity of the desired functions B;; () that are bounded in any bounded
closed segment, including even in [—t, t]

Vt e [— b, 1], | Bi ()| <My (2.4)
Here and henceforth M.{(k=1,2,3,...) are certain positive constants.
We will now examine the case when |¢]>¢. It is seen that the functions o (8 Ay (B
are pounded in (— o0, —&) U (4, o)
‘ Vie (— oo, — ) U (o0, 252 (0 A (0] < Ms @.5)

Furthermore, expanding ;% (4 &;( in a power series in /() for |[t|>y, we arrive
at the estimate
Vie (—oo, — 1) L (toc)y {8, > Mala; )P, qa i (2.6)
It follows from a combined examination of the estimates (2.5) and (2.6) and formula (2.2)
that

Vi (— o0, —~ ) U (thoe), | By () | << Maw; 20(t) 2.7y
Taking into account that
[aj (1)< Ljexp|t] 2.8)
we obtain from (2.4) and (2.7)
Vim R, |88 < M;exp2q|t] (2.9
Note that because of the evenness of the functions §;( the functions B;; {y  have

the same evenness as Ay (1) The functions with subscripts 11, 22, 23, 32, 33 are even here
while the rest are odd.

3. The basis for the method of reduction io be applicable to the solution of the
characteristic equation. Eq.(1.10), on whose left-hand side there is an infinite determinant,
has a quite complex structure. Consequently, its analytic solution is not possible. For the
numerical solution the characteristic determinant must be replaced by a finite determinant.

To justify the replacement we examine certain properties of the determinant A (g, yR) and we
prove that it is a determinant of normal type

o if

o i
Mg, S= 3 3 D D S| < Mo 3.1y

m=0n=0 i=1j=1

i,_{Z,m:O .,_{2,n=0
3,m>0" r= 3,n>0

Elements of the matrices
H7} and #;!B, B!

Imo2m”
occur as cofactors in the expressions for the elements S,y of the characteristic determinant.
Taking into account that equivalence relationships in the form

I (@ :;13- (—’25—)", K, (o2 (—i—)“ (B = 00) 3.2)

hold for the modified Bessel functions and Macdonald functions for finite values of the
argument and large values of the index, we arrive at the deduction that an M; and 71 >0 exist
suc? that absolute values of all elements of the matrices mentioned can have the upper bound
qu .

Let us estimate the absolute values of the coefficients  Pp,; Taking account of the
evenness (oddness) property of the functions Bi;{f) noted in Sect.2, we replace the  inte-
gration limits in the penultimate formula in (1.4) by 0, o and exp {(—nt) by exp(—nf) T expnt
by selecting the minus sign for j=1 and the plus for ;= 2,3 (the sign selection rule is
conserved in the expressions for ¢@F,.).

The following estimates (VieR*) hold:

exp (—vhRij;) < Ms exp (—yhRij) 3.3
le ™™ < 2™, (RN < M@y L) e™

Indeed the first of them follows from the limit relationship

" oxp (— yhR,;)
g_x.glu exp {(— 'YhR,'j)

the second is obvious, and the third results from the inequality
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FOF41<2(R;+e)™ ™ teR* 3.4
and the limit relationship
R 4o,
s j 3
fn ==

Taking account of the inequalities (3.3) and (2.9) and using the integral representation
for the Macdonald function, we obtain

| Pmnij | <<2M;o (;J_/gi)m Km+n+2q (ZCﬁ’h) (3.9)

It follows from an analysis of relationships (1.9), (1.4), (3.5) and the above dis~
cussion that it is sufficient to prove convergence of a double series of the following con-
figuration {(u is some positive number):

S I {LvR)
R m . A8y Y
Si= Z.J Lmu E58) " Krnining BL0%) K, R .6

mes B==(
We will use the following estimates resulting from the equivalence relationships (3.2):
K inage (25 70) < My (m - n - 2g — D)1(5 ph) ™™+ 3.7

Ky Ry > Mu(n — DI CR)™ 1, CrR) < Mas2 ™™ (v R)"m!

Using the inequality
(m -+ n 2 — D 2L () (- 2)

and relationships (3.6) and (3.7), we can write

°0

S1< My, i (m+1)(m+2)...(m+2) mu(.%)"‘ Z(:})"

L] n==p

The series in m and n converge by virtue of the D'Alembert limit criterion (since R/h<1).
Therefore, the series (3.1) also converges, i.e., A(e,yR) is a determinant of normal type.

Therefore, the method in /1/ for investigating fibre stability in a semi-infinite matrix
near a free surface has been given a foundation.
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