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where U is the elastic energy density of the 'massive body, &, is the volume element of the 
domain Pg and do, do are the area elements of the surfaces S, and 0, respectively. This 
enables us to use the well-developed variational-difference method for a numerical investi- 
gation of a broad class of problems. 
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ON A METHOD OF INVESTIGATiNG FIBRE STABILITY IN AN ELASTIC SEMI-INFINITE 
MATRIX NEAR A FREE SURFACE* 

A.N. GUZ and YU.N. LAPUSTA 

The properties of an infinite characteristic determinant in the 
three-dimensional linearized problem /l/ of fibre stability in an 
elastic semi-infinite matrix near a free surface are investigated. AS 
in the case of two and a number of doubly-periodic systems of fibres in 
an infinite matrix /2-4/ it is proved that the mentioned determinant is 
a determinant of normal type. Non-linearly elastic transversely 
isotropic compressible materials are examined within the framework of 
the theory of finite subcritical deformations without taking account of 
the specific form of the elastic potential. The results elucidated hold 
even for different modifications of the theory of small subcritical 
deformations. Results of an analysis of kindred questions of the theory 
of elastic wave diffraction are used IS/. 

I. Ponnutation of the problem. The characteristic equation. We consider the stability 
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of a fibre in a semi-infinite matrix near a free surface, We introduce,the following funda- 
mental assumptions: 1) there are no body forces and the semi-infinite body under consideration 
is loaded by "dead" compressive forces along the fibre axis in,such a manner that the shortened 
fibre and matrix are equal in this direction: 2) rigid contact is made between the fibre and 
the matrix; 3) the plane matrix surface is force-free: 4) the subcritical state is homogeneous 
(this assumption is given a foundation by the results in /ii/). 

Because of assumption 1) the sufficient conditions for the static method (Ruler's method) 
to be applicable for investigating the stability problem under consideration are satisfied. 
Consequently, we will solve this problem by Euler's method. 

We refer the fibre and matrix to Lagrange coordinates that coincide with the deformation 
with rectangular (z.Y,z) and cylindrical (T,%,z,) coordinate systems. The connection between 
these coordinate systems is described by the relationships 

2 := -_r sin 8, y = h --r cos 0, z = r9 (1.1) 

Let the fibre and matrix occupy the respective domains 

DC') = ((r, R, XS)E R+>:RXR : r < R), D = ((r, 8, I~) ES 

R+XRXR : r ,, R, r cos 8 <h); R+ = [0, m), II = [0,2n), R =i (-.. m, 30) 

We consider the fibre to be strictly within a semi-infinite matrix, in which connection 
we require satisfaction of the condition 

Nil < 1 (1.2) 

Using the notation and following the procedure in 111, we obtain an infinite homogeneous 
system of algebraic equations 

A,,X,+Ban,X$ $ g ManwX,,=o (cz = 1,2; m z&1.2,...) (1.3) 
n=ll 

The elements of the matrix A,,,B,,,M,,,,, are determined from the formulas 

(1.9 

Here 1 is the buckling half-wavelength; the minus superscript corresponds to i=l 
and the plus subscript to i = 2,3; 8, = VP for m=O and 8, = i for m>O. The functions 
&I (0 are determined from the system of equations 

Here 

The quantities arj. 6 which characterize the model of a deformable body, and the 
quantities Q which depend on the loading conditions and the form of the elastic potential 
can be determined from formulas in 13, 71, h denotes the elongation and 33 is the 0'" 
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generalized stress tensor component. Appropriate quantities for the fibre are marked with 
the superscript (1). 

For m)O the quantities Q&j Cm) are determined from the formulas 

The values of T@zvk (O) are obtained from Tpa,,(u) for U-=O(r=~-~1;a,@,v,k;_ 1,2;s,r= 
2,3). In order to obtain expressions for TFLij(m), it is necessary to mark quantities which 

depend on the subcritical state and the model of the deformable body in the appropriate 
formulas for Tgaaj (m) by the superscript (1) and to multiply the expressions obtained by i -1)” 

Let us note that satisfaction of the conditions 

can be required in the problem under consideration without loss of generality. 
Indeed, the fact that the first determinant in (1.7) equals zero corresponds to one of 

the instability modes of an infinite cylinder with a free side surface subjected to a com- 
pressive load, while the fact that the second equals zero is one of the fibre buckling modes 
in an infinite matrix. 

We reduce system (1.3) to canonical form 

We derive the characteristic equation 

0 \F, yR) == 0 (1.10) 

from the conditions for non-trivial solutions to exist, where A (8, YR) is the determinant of 
the infinite homogeneous system of algebraic Eqs.(l.8), and E is the shortening of the fibre 
and the matrix. 

2. Certain properties of the system of Eqs.(l.S) and their soZut$on. We use the following 
notation: hiCt) is the determinant of the j-th system of Eqs.(1.5) while Ai, (t) is the 
determinant obtained from aj Ct) by replacing the i-th column by a column of free terms. 
Plane and spatial instability problems for a free plane boundary of a semi-infinite body under 
compression in directions parallel to the free surface are examined in 13, 4/. The character- 
istic determinants obtained for spatial problems have a structure analogous to 6j Cti. This 
enables us to establish the physical meaning of the values t, for which 6j(to)= 0: they govern 
the buckling mode of the plane boundary of the semi-infinite matrix compression along the z 
axis with half-wavelengths 1: and I, whose ratio equals (zj(f,)I. 

It follows from the results in /3, 4/ and reasoning of a physical nature that the 
bonding element (more rigid than the binder) is unstable in the matrix for smaller values of 
the' shortening than the free plane surface is. Consequently, without loss of generality it 
can later be required that the conditions 

be satisfied. 
Vt E (- 23, ,x), ej (t)+ II (j = 1, 2,3) ('L.2) 

These relationships afford the possibility of determining the unknown functions C&j (1) 

from the formulas 
Bij (6) = Aij (t) 6j-1 (t) (i, j = 1, 2, 3) (2 2) 

We introduce t,>O into the consideration such that 

a,?(t,) > lnax ;,2 (i= 1,2,3) (2.3) 
t=1, 2, 3 
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Because of the continuity 
closed segment, including even 

of the desired functions Bij(1) that are bounded in any bounded 

in [- tl, Gl 

Vt f_ [- tl, tll, I Bij(t) I< .“l (2.4) 

= 1,2,3,...) are certain positive constants. Here and henceforth M; (k 
We will now examine the case when t fl > h. It is seen that the functions CZj-' (t) Ai) ([) 

are bounded in (-m, -G)U (5, =) 

Vi E (- i4, -t,) !i itI* m). [q(t) bijV) I< Mz (2.5) 
Furthermore, expanding aj-5 (f) bj (0 in a power series in ai-" for / t I> fl, we arrive 

at the estimate 

It follows from a combined examination of the estimates (2.5) and (2.6) and formula (2.2) 
that 

Vt ez (-- x, - 11) u (tl, c+), I Bij (f) I < Mq w(t) (2.7) 

Taking into account that 
I aj Ct) I < 5j exP I t I (2.3) 

we obtain from (2.4) and (2.7) 

Vt ER, 1 Bij itI I< n4b exPaSltl (2.3) 

Note that because of the evenness of the functions bj (f) the functions Bi j (t) have 
the same evenness as A<J (t). The functions with subscripts 11, 22, 23, 32, 33 are even here 
while the rest are odd. 

3. The basis for tke method of reduction to be appZ~~Ze to the solution of the 
characteristic equation. Eq.(l.lO), on whose left-hand side there is an infinite determinant, 
has a quite complex structure. Consequently, its analytic solution is not possible. For the 
numerical solution the characteristic determinant must be replaced by a finite determinant. 
To justify the replacement we examine certain properties of the determinant A@, yR) and we 
prove that it is a determinant of normal type 

i' = 
{ 

2,m=O ., 

( 

Z,n=O 
3,m>O' ’ = 3,R>O 

Elements of the matrices 

occur as cofactors in the expressions for the elements S,*it of the characteristic determinant. 
Taking into account that equivalence relationships in the form 

(3.2) 

hold for the modified Bessel functions and Macdonald functions for finite values of the 
argument and large values of the index, we arrive at the deduction that an MV and q>O exist 
such that absolute values of all elements of the matrices mentioned can have the upper bound 
M,d. 

Let us estimate the absolute values of the coefficients Fln,lf* Taking account of the 
evenness (oddness) property of the functions Bit @) noted in Sect.2, we replace the inte- 
gration limits in the penultimate formula in (1.4) by 0, CQ and exp (-nt) by erp(--nt)T exp nt 
by selecting the minus sign for j= 1 and the plus for j= 2,3 (the sign selection rule is 
conserved in the expressions for Qz,). 

The following estimates (vte~R*) hold: 

exp (-_yhRij) < Me exp (-YhRjj) 

1 .-*l=F en*1 <2rn', I &I <‘%(5j/5i)mr”t 

Indeed the first of them follows from the limit relationship 

(3.3) 

the second is obvious, and the third results from the inequality 
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and the limit relationship 
(3.4) 

Taking account of the inequalities (3.3) and (2.9) and using the integral representation 
for the Macdonald function, we obtain 

I ‘m*+j I < 2MI0 (5j15i)m Km+,+*p t25jYh) (3.5) 

It follows from an analysis of relationships (1.91, (1.41, (3.5) and the above dis- 
cussion that it is sufficient to prove convergence of a double series of the following con- 
figuration (n is some positive number): 

(3.6) 

We will use the following estimates resulting from the equivalence relationships (3.2) : 

K m~n+aq (2:j7’h) < M11 (m + n + 2q - l)!/(:j~h)m*'*+*q (3.7) 

Kn (SjYR) > Ml% Cn - I)! 2n (SjVR) -n 
* JIpL C,PfO < ~~~P’(;,yR)~/rn! 

Using the inequality 

(m + n + 29 - I)! < zm**+*q-l (n - 1)! (m I_ Zq)! 

and relationships (3.6) and (3.71, we can write 

The series in m and n converge by virtue of the D'Alembert limit criterion (since R/h<l). 
Therefore, the series (3.1) also converges, i.e., A (8, YR) is a determinant of normal type. 

Therefore, the method in /l/ for investigating fibre stability in a semi-infinite matrix 
near a free surface has been given a foundation. 
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